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SKEWNESS IN BANACH SPACES

BY

SIMON FITZPATRICK AND BRUCE REZNICK1

Abstract. Let £ be a Banach space. One often wants to measure how far E is from

being a Hubert space. In this paper we define the skewness s(E) of a Banach space

E, 0 «$(£)< 2, which describes the asymmetry of the norm. We show that

s(E) = s(E*) for all Banach spaces E. Further, s(E) = 0 if and only if £ is a (real)

Hilbert space and s(£) = 2 if and only if £ is quadrate, so s(E) < 2 implies £ is

reflexive. We discuss the computation of s(Lp) and describe its asymptotic behavior

near p = 1,2 and oo. Finally, we discuss a higher-dimensional generalization of

skewness which gives a characterization of smooth Banach spaces.

1. Introduction. Let £ be a Banach space. One often wants to measure how far £ is

from being a Hilbert space. In this paper we introduce a new numerical characteris-

tic, skewness, which describes the asymmetry of the norm:

(1.1)    s(£) = sup    hm-——-:x, y E E, \\x\\ = \\y\\ = 1
I r->0+ «

It is clear from (1.1) that 0 < s(E) < 2. We show that s(E) = s(E*) for all Banach

spaces £. Further, s(£) = 0 if and only if £ is a (real) Hilbert space and i(£) = 2 if

and only if £ is quadrate, so s(£) < 2 implies £ is reflexive. We discuss the

computation of siLp) and describe its asymptotic behavior near p = 1,2 and oo.

Finally, we discuss a higher-dimensional generalization of (1.1) which gives a

characterization of smooth Banach spaces.

2. Definitions, notations and preliminaries. For x, y E E define

„,,                                      .     „   „     ,.      Ilx + frll - 11*11
(2.1) (x, y)= \\x\\ ■ hm -—-,

r—0+ *

which is equal to the one-sided derivative of ^|| • II2 at x in the direction y. Let

[x, y] = (x, y)— (y, x); we have the following simple but useful lemma.

Lemma 2.2. (i) (x, y)= ||x|| II j||<x/||x||, y/\\y\\).

(ü)s(E) = sup{[x, y]: \\x\\ = \\y\\ = 1} = sup{[x, y\. \\x\\, \\y\\< l).

(iii)|<x,.v>|<||x|| • H^ll.

Proof, (i) This follows from (ax, by)= ab(x, y) for a, b > 0.

(ii) The first equality is immediate from (1.1) and (2.1).
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For the second, note that

[x,y] = \\x\\\\y\\

(iii) This is a consequence of the triangle inequality.

We now determine silp) forp — 1,2 and oo.

Example 2.3. (i) s(/2) = 0.

(ii)i(/,) = *(/„) = 2.
Proof, (i) If £ = l2 then (x, y) is, in fact, the inner product so that [x, y] = 0 =

s(l2).

(ii) For £ = /«,, fix 0 < e < 1 and let x = (1, e - 1,0,. . .) and y =

(1 — e, 1,0,...). Then for / sufficiently small, ||x + ty\\ = I + t(l — e) and \\y +

/jc || = 1 — /(l - e). Hence [x, y] = 2(1 — e) and so s(A,) = 2. Similarly, for £ = /,

let x = (e, 1 — e,0,...) and y< = (1 — e, -e,0,...). Thus [x, y] = 2(1 — 2e) and silx)
= 2.

If the norm of £ is smooth then (• , • > is the "generalized inner product" of Ritt

[R]. Ritt showed that a smooth Banach space £ satisfying [x, y] = 0 is a Hilbert

space (see Theorem 3.11 below).

3. The skewness of £ and £*. In this section we prove those properties of skewness

asserted in the introduction. Recall that James [J] called a space uniformly nonsquare

provided there is e > 0 such that, if ||x|| = || _v|| = 1 and ||x + y\\ > 2 — e, then

Ilx — y\\ < 2 — e. We prefer to follow Day [D] in calling a space quadrate if it fails

to be uniformly nonsquare. In the following theorems we exploit, sometimes

implicitly, the convexity of the norm function / h» ||x + ty\\.

Theorem 3.1. A Banach space E is quadrate if and only if i(£) = 2.

Proof. If í(£) = 2 then for 0 < e < 1 there exist x, y E E with ||x|| = ||_y|| = 1

and [x, y]>2- e. But for 0 < / < 1,

\\x+y\\> llxll +r\\\x + ty\\ - llxll),

lly—xll 3= Ml + r](\\y\\ - \\y + tx\\).

Upon adding these inequalities and taking the limit as / -» 0+ we obtain

h   j.   n j. h ii.,,   r      II* + ty\\ - \\y + tx\\ _ ,
* + y\\ + \\y — x \\ > 2 + hm-> 4 — e.

,-o+ t

Since II* ±y II < 2 we have ||x ± y || > 2 - e; hence £ is quadrate.

Conversely, suppose £ is quadrate; for 0 < e < 1 choose u,v E E with \\u\\ =

II v || = 1 and ||u ± ©II > 2 — e. Let w = u + av and z = v — au, where 0 < a < 1

will be chosen below. By convexity, for 0 < / < a,

II w + tz\\ - HwH ̂ llwll - II w - az || _ Hwll - 11(1 + a2)u\\
t a a

But Ikll = Hu + ooll > llw + oll -(1 - a)\\v\\ > 1 + a - e. Therefore,

(w,z) \\w + tz\\ - llwll      (1 +a-e) - (1 + a2)      , e
h    h    = hm->-i-'- = 1 - a-.
I|w||        ,^o+ t a a
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Setting x = w/\\w\\ and y = z/\\z\\, we have by 2.2 (i),

{,y}     HwlMlzll      Hzlll' a) l+a       '

Similarly,

llzll - ||z + tw\\ ̂  HzH - Hz + aw» _ Hzll - 11(1 + a2)v\\

t a a

yields -<z, w)/||z|| 3= 1 — a — e/a and -(y, x>> (1 — a - e/a)/il + a). Taking

a = y/e we have [x, y] = (x, y)— (y, x)> (2 — 4v/i")/(l + y/e) and, since e is arbi-

trary, s(E) = 2.

Corollary 3.2. Ifs(E) < 2 then E is reflexive.

Proof. James [J] showed that a uniformly nonsquare space £ (that is, an

inquadrate space) must be reflexive. Indeed, £ must be super-reflexive (see [D, p.

169]) but we will not use this fact.

To show that s(E) = s(E*) we introduce the duality map J: E -» 2E'', defined by

Jx = (x* G £*: x*(x) = llxll2 = ||x*||2}.

The following lemma is useful in the sequel. Although it is moderately well-known

(see Barbu [B]) we include its short proof for the sake of completeness.

Lemma 3.3. (i) For x, y E E there exists x* E Jx such that

•t \-/      \- k«. L2\\x + ty\\2-{\\x\\2
x*(y) - (x, y)~ hm-.

r^0+ '

(ii)7/11*11 = 1, ** EJxandy E E then x*(y) =£ ||x+.y|| - ||x||.

Proof, (i) Define a linear functional g on the one-dimensional space Ry by

g(ry) = r(x, y). Since g is dominated by the sublinear functional £(z) = (x, z) we

can use the Hahn-Banach theorem to get an element x* of E* with x*iy) = giy)

and x**££. Then x*(x) < £(x) = ||x||2 and -x*(x) = x*(-x) < -||x||2; hence

x*(x) = llxll2. However, x*(z) < £(z) = (x, z)< \\x\\ \\z\\ for all z E £ by Lemma

2.2(iii)so||x*|| < ||x||.Thus||x*||2= ||x||2 = x*(x) and x* E Jx.

(ii) Since x*(x) = 1 = ||x*|| we have

x*(y) =x*(x+y) - x*(x) = x*(x + y) - ||x|| < II* + jll - ||*||.

Theorem 3.4. Let i(£) = sup{x*(.y) - y*ix): x* EJx,y* EJy, \\x\\ -\\y\\ =

1}; then i(£) = s(£).
■

Proof. Lemmas 2.2(h) and 3.3(i) together show that s( £ ) =s i( £ ). To get the

reverse inequality, fix 0 < e < 1 and choose x, y E E, Il x II = Il y II = 1 and x* G Jx,

y* E Jy such that x*iy) — y*ix) > s(£) - e. Thus for 0 < t < r < e we have, by

Lemma 3.3(h) and convexity,

(3.5) y*{-tx) <\\y-tx\\- \\y\\ <\\y- rx\\ - Il y - rx + tx\\.
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Dividing by / and letting / -> 0+ in (3.5) gives

(3.6) -y*(x) < hm   W> ~ ™\\- \\y - rx +tx\
r-0+ t

= _(y- rx, x)

ll^-rxll <  '   h

where z = (y — rx)/\\y — rx\\. But by 3.3(h) and the triangle inequality,

(3.7) x*ity) < ||* + ty\\ - ||*|| < ||* + fz|| - ||x|| + t\\z-y\\.

Dividing by / in (3.7) and letting / -* 0+ gives x*iy) < (x, z)+ \\z — y\\. In view of

(3.6),

(3.8) x*(y) - y*(x) < (x, z>- <z,x>+ ||z.-j>||.

However, r < e, so II z — y\\ < 2e/(l — e). From (3.8) we see that [x, z] 3= î(£) — e

— 2e/(1 — e), and since e is arbitrary and ||x|| = ||z|| = 1, we conclude that

s(E)>s(E).

Corollary 3.9. For any Banach space E, i(£) = s(£*).

Proof. If s(£) = 2 then £ is quadrate, which implies by [J] that £* is quadrate,

so siE*) = 2. If i(£) < 2 then £ is reflexive. By the definitions of J and s(£) we

may rewrite s(£) as

(3.10)    s(E) = sup{x*(>>) ~y*ix): x, y E E,x*, y* E E*,

x*(x) =y*iy) = 11*11 = \\y\\ = \\x*\\ = \\y*\\ = I).

Since (3.10) is symmetric in £ and £* and £** = £, s(£) = siE*). By Theorem 3.4,

siE) = siE*).

Theorem 3.11. If E is a Banach space and siE) = 0 then E is a Hilbert space with

inner product (•,•) and (x, x)= llxll2.

Proof. By Theorem 3.4, s(£) = 0; it follows easily that for all x, y E E and

x* G Jx, y* E Jy, we have x*iy) = y*ix). Now pick x G £ and x* G Jx. For any

y E E there exists y* E Jy so that (y, x) = y*ix) (by 3.3(i)); hence (y, x) = x*iy)

is linear in y and, similarly, linear in x. Finally, (x, x) = Il x ||2 immediately from the

definition. (Alternatively, one can show that siE) = 0 implies £ is smooth, and

apply the main theorem of [R].)

Remark. Recall that, in Lemma 2.3(h) and Theorem 3.1, we proved that s{E) = 2

by exhibiting x and y with [x, y] > 2 — e. It is natural to ask whether there exist a

Banach space £ and x, y G £ with || x || = Il y II = 1 and [x, y] = 2.

Suppose [x, y] = 2. Necessarily (x, y)= 1 and by Lemma 3.3, there is x* G Jx

with x*iy) = (x, y)= 1, while x*(x) = 1 = ||x*||2. Thus \+t>\\x+ ty\\ 3=

x*(x + ty) = 1 + / for t >0. Therefore ||y + /x|| = /||x + r'yll = /(l + /"') = 1

+ z, so [x, y] — 0, a contradiction.

4. Skewness of Lp. We have already seen that s(£') = siLx) = 2, ^(L2) = 0 and

siLp) = siLq) for conjugate p and a. In this section, we compute sip) '■= siLp)

for 2 < p < oo indirectly (of course, s( p) = si p/i p — 1)) for 1 < p < 2), we give
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some particular values and discuss, without detailed proofs, the asymptotics of sip).

Our major result is Theorem 4.1: The proof applies to all LpiX, 2, p) provided

there are two disjoint elements of 2 with positive mass.

Theorem 4.1. For 2 <p < oo, sip) = max,>02(i - tp~l)/(\ + tp). This maxi-

mum is achieved at t = tp, where tp is the unique solution, 0 < tp< 1, of tp~l + tl~p

= (p-l)(/+ /"').

Proof. Pick/, g E Lp with II / II = IIgll = 1. By Lemma 3.3(i), there exist/* G Jf
and g* E Jg so that [/, g] — f*ig) ~ g*if), but by Holder's inequality, h* E Jh

with \\h*\\ — \\h || = 1 implies //*(«) = | //(«) ^"'sgn /z(w) p-a.e. Accordingly,

(4.2) ,[/,g]=/(|/r,|g|-|/IUr1)sgn/sgngi/p.

(This formula can also be found by differentiating under the integral sign.)

Now suppose that X is chosen so that

(4.3) (|h|/'_1|ü| -|t/||u|/'~1)sgnwsgnt;=SA(|wp' + \v\p)

for all real u, v. Then by integrating (4.3) pointwise with u = flu), v = g(«),

[/, g] < 2a. In order to determine which À satisfy (4.3) for all real u, v, we may

assume that u > 0. If v > 0 then dividing by up gives \>(/-ii'"l)/(l + tp) for

/ = v/u. If v < 0, the same inequality arises from dividing by \v\p and letting

/ = -u/v. Accordingly, (4.3) holds when \ = \p = max(i - tp~l)/(\ + tp). Con-

versely, let A and £ be two sets of positive mass, let g = /^,/on A and/ = -tpg on £,

g > 0 chosen so that ¡A fp d¡x = jB gp dp = itp + l)"1. Then (4.3) is an equality and

U/H = ||g|| = lwith[/,g] = 2Xp.
We now present some properties of the function sip).

Theorem 4.4. For 2 <p < oo, sip) is monotonically increasing, s(4) = 1/ 72 and

i(6) = 1.

Proof. Let w(t, p) = 2(/ - tp~*)/il + tp). Then

dw        „,       tp~] + tp+}     n
-r-=-2logt-2->°I

9^ (1 + tpf

for 0</< 1. Thus, for q>p, siq) = w(/<7, q) > w(/p, q) > w(tp, p) = sip). For

p = 4, i4 is the root of t3 + t~3 = 3(/ + /"'). Letting u = tA + t^\ u3 — 3u = 3u, so

u = 0, ± y/6. We thus have /4 + t;] = 76, or /4 = (76 - 72 )/2; it turns out that

w(/4,4) = 1/ 72 • Similarly, t6 is the root of /5 + /"5 = 5(/ + /"') and, for u — t6 +

/6-',w5 - 5m3 = 0, so/6 = (75 - l)/2andw(/6,6) = 1.

In general, we cannot hope for an explicit formula for sip). Indeed the only other

tractable value is forp = 3: t3 = (1 + JJ - 12'/4)/2, i(3) = 72 (73 - 1)33/4. Some

numerical computations made on an HP-41C are shown in Table 4.5.
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p sip) p sip) p sip)

1 2.0000 2 .0000 4 .7071

1.001 1.9829 2.001 .0007 5 .8763

1.01 1.8779 2.01 .0066 6 1.0000

1.05 1.5803 2.1 .0632 7 1.0955

1.1 1.3330 2.2 .1207 8 1.1720

1.2 1.0000 2.3 .1736 9 1.2349

1.3 .7702 2.4 .2224 10 1.2878

1.4 .5951 2.5 .2677 20 1.5649

1.5 .4542 2.6 .3099 40 1.7430

1.6 .3365 2.7 .3493 100 1.8769

1.7 .2357 2.8 .3864 1000 1.9829

1.8 .1477 2.9 .4213 10000 1.9978
1.9 .0698 3 .4542 oo               2

Table 4.5

The asymptotic analysis of sip) is based on the following observations. Suppose

tr + t~r = /•(/ + /"'), (r = p — 1); if t = ez then cosh rz = /-cosh z. Letting qiu) =

u~l cosh(u), we see that qirz) = qiz). We now look at the equation qiu) — qiv)

with v/u — r. We state, without proof or error estimates, the following theorem.

Theorem 4.6. Asymptotically, s{l + e) - 2 + 2elog e, s(2 + e) ~ a \ e | and sip)

» 2 — a log p/p for large p. Here, a = 2y0/(j>02 — 1), where y0 is the root of

ilogy)iy2- l)=y2+ 1; y0 « 3.319, a « .663.

5. Generalizations of skewness. In this section we generahze skewness to allow for

an arbitrary (finite) number of points and derive a family of characterizations of

smooth Banach spaces. We wish to thank Professor A. Pelczynski for suggesting to

us a generalization of this kind.

For n 3= 2 and x, G £, define the following expression:

„ ,,      , , 2sgn(o)ll*0(I) + /2*0(2)+•••+*„*„(,,)II
(5.1) [xl,...,x„]„ = hmsup-1, i  i  ...  , i, i-.

,-,0 I '2 M A ln\

where the summation in (5.1) is taken over all permutations a E Sn. Note that for

n = 2 we have [x, y]2 = max([x, y], [x, -y]). We now define «-dimensional skew-

ness:

(5.2) s„iE) = sup{[*1,...,*„]„: Ilx.ll = ■•• = ||x„|| = 1};

observe that s2(£) = siE). Since n is clear from the context, we drop the outer

subscript on [x,,...,xj for n 3= 3. We will establish a peculiar branching in the

behavior of sn: s3 is much like s2, but sn for n > 4 selects out nonsmoothness in

Banach spaces.

Theorem 5.3. If E is a smooth Banach space then 2î(£) =ï i3(£) «s 3s(£).
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Proof. Letting u* denote the derivative of the norm at u, a routine computation

shows that

(5.4)

[x,y,z]=    hmsup    \      2      3    (x*(y - z) + y*(z - x) + z*(x -y))
(r2,f3)-(0,0) U^M I Ml

By Theorem 3.4, x*iy) — y*ix) < siE), etc., so [x, y, z] < 3i(£). On the other

hand, pick z = -y and take t2 > 0, t3 = 0 in (5.4). Since (-y)* — -y*, [x, y, -y] 3=

x*i2y) — 2y*ix) = 2(x*(y) — y*(x)). If we now take the supremum over llxll =

Il y || = l,wegetä3(£)>2j(£).

A more delicate analysis is necessary when £ is not smooth.

Lemma 5.5. Suppose x, y E E and a, ß are real, with \\x\\ — 1. Then

||(1 + at)x + ßty\\ = II* + ßty\\ + at + oit)

for small t.

Proof. We have ||(1 + at)x + ßty\\ = (1 + a/)llx + ßfll + atyxy\\ =

(1 + a/)(||x + ßty\\ + oit)) = ||x + ßty\\ + at\\x\\ + oit).

Theorem 5.6. For any Banach space E, s3(£) > 2i(£).

Proof. As in the proof of Theorem 5.3, we compute [u, v,-v] for appropriate

u, v E E. Taking t2 = t > 0 and /3 = 0 in (5.1), we have, after a rearrangement of

terms,

/- -n    r            i^r     I \\u +tv\\-\\v +tu\\   t  \\u-tv\\-\\v-tu\
(5.7)    [u, v,-v] 3= hm-h

(-o+ \ t -t

Thus it suffices to find u, v so that || u II = Il v \\ = 1 and

,.„> ,.    . e II« + toll - llc + riill ̂    ,„,     .
(5.8) hminf->s(E)—2e.

/-o t

Pick x, y with IIx II = || y || = 1 and [x, y] > siE) — e. For any a > 0, the convexity

of the norm implies

/, p.N re II* + oty + ty\\ - \\x + ay || ^_ .       .
(5.9) hminf-^— > (x, y),

f^O t

..            \\y - ax + ty\\ - \\y - ax|l       .        .
hmsup —-< (y, x).

/-o {

Let u — (x + aj)/||x + ay\\ and v = (y — a*)/||_y — a*||, where 0 < a < e/5, so

Il u - x ||, || v - y || < 2a/(l - a) < e/2. Then

(5.10) liminfl|M + ,0||-1=liminfl|x + gJ> + 'l|3C + <'^11 " ^ + «^
i-o t ,-o 'II* + av-ll

,.    .  ,||* + ay + ty\\ - \\x + ay\\ ^ .       .
= hminf-— 3= (x, y).

r-0 '
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Similarly, limsupt^0'~1(llt; + '*ll — 1) < (y, *> so that

fe. ii^i r     ■   r Il « + *y II ~ H© + f*ll ^   , .        , w    / „-.(5.11)        hminf-> (*, y)— (y, x)> s(E) — e.
r^o '

Since II« — je||, II© —.yII < e/2, (5.11) implies (5.8) and we are done.

Corollary 5.12. //í3(£) = 0 then E is a Hilbert space.

Theorem 5.13. For any Banach space E, j3(£) < 3s(£).

Proof. For x, y E E, let z = x/||x||. Then by Lemma 3.3(h), llxll — ||x + y\\ =

llxIKHzll - \\z + y/\\x\\ II) < -||x||z*(VH*ll) = -z*iy) = z*i-y) for z* E Jz.
Thus, for any u, v, w E E,

(5.14)        \\u + t2v + t3w\\ -\\u + t2w + t3v\\ < u*Ht2 - t3)iv - w)),

for u* E /((w + t2v + /3w)/||w + t2v + t3w\\). For (h, v, w) — (x,, x2, x3),

(x2, x3, x,), (x3, *,, x2), let u* be denoted by xf, x2, x* respectively. These func-

tionals depend on t2 and t3 of course. Then

(5.15)

[X|,x2,x3]<limsup      2       3    (x*(x2-x3) +x$(x3-xx) + x3*(x, ~x2)}.
t-*0       I '2l "•" I '3 I

As it2, t3) -* (0,0) we can choose weak* cluster pointsy* for x* since the unit ball is

weak* compact in £*. It is easily checked that y* E J(x¡) and, since t2 — t3 <| t2 \

+ \ t31 , [x,, x2, x3] <y*ix2 — x3) + y*ix3 — xx) + y3*ixx — x2). As in the proof of

Theorem 5.3 this implies siE) < 3i(£).

When « 3= 4 there is again a dichotomy between smooth and nonsmooth Banach

spaces. The differences, however, are now irreconcilable.

Theorem 5.16. For some /', I < i < n, let x, be a point of smoothness for the norm of

E and suppose «3s 4. Then

,, ,-s ,. 2'8gn(g)ll*g(1) + '2*g(2) + • • • +'„*g(„)ll
(5.17) hmsup-¡—-—-——-= 0

;^0 I '2 I "T"---  "T| l„\

where the summation in (5.17) is taken over all a E Sn with a(l) = /'.

Proof. Let xf denote the derivative of the norm at x,; then we can rewrite (5.17)

as (5.18)

2'sgn(a)   ll*ill+ 2 tjxf(xaW) + oit)

(5.18) hmsup-
,^0 I'2 I + ---+\tH

or, reversing the order of summation,

2   2  (2'sgn(a))(/yx*(xJ + ||x!||)
j = 2k=\  "j,k

hm sup-¡——-——
r^0 I '2 I  +  "-+|'n
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where 2')ik denotes the sum over all permutations a for which a(l) = /', a(j) = k.

Since n > 4, an equal number of such permutations are even and odd; thus the inner

sum vanishes and the theorem is proved.

Corollary 5.19. For any smooth Banach space E, i„(£) = 0 for n> 4.

When n > 4, smoothness is also necessary for j„(£) = 0, as we now show.

Theorem 5.20. If E is not smooth then .$„(£) > 0 for every n.

Proof. If n = 2, 3, only Hilbert spaces have s„(£) = 0. Let n 3= 4 and let x be a

point of nonsmoothness in the direction y, ||x|| = ||_y|| = 1 and, without loss of

generality, suppose that £ is spanned by x and y (this can only decrease sniE)).

Since £ is two-dimensional, it follows from (5.5) that the norm is not smooth at x in

any direction of £ other than ±x. On the other hand, the function / \-> \\ x + ty II is

convex and so is differentiable except at a countable number of points. By consid-

ering y' = rx + sy, \\y'\\ = 1 if necessary, we can assume that the norm is smooth at

y; further, we can select a large number of elements ax + ßy, Wax + ßy\\ = 1, at

which the norm is smooth.

Let d+ and d_ denote lim^n* '~'(H* + ty\\ — \\x\\); without loss of generality,

suppose d+ > d_. We now let x, = x, x2 = -y and x, = a¡x + ßty for 3 < /' < n;

where \\x¡ II = 1, the norm is smooth at x,, /' 3= 2, and (« — 2)"1 > ß3 > • • • > ßn > 0.

Choose X2,... ,X„ with X2 = 1 and X3 > • • • > X„ > 1 so that 2"=3ß,A, > 1 >

2"_3j8íXir(/) for any permutation m of {2,...,«} other than the identity. Consider

(5.1) with /, = \¡t, t > 0, and let X = 2"=2 X,. We have

(5.21)   X[*„...,*„]> hm/-12'sgn(a)||x + /xa(2) + X3/xo(3) + ••• +X„/xa(n)||,

where 2' denotes the sum over permutations with a(l) = 1; the contribution from

the other a's vanishes by Theorem 5.16. We might as well sum in (5.21) over a"1;

hence,

(5.22)

X[xl5. ,*„]> limr'2'sgn(a)
r^0+

lim / '2'sgn(a)
;^0 +

* + t*„(2)i-y) + 2 '*„</)(«/* + fry)
i=3

1   +   2   ̂ t(0«¡P+        2  ß^a(,)~Xko(2)

1-3

ty

Apply Lemma 5.5 to (5.22) and note that 2' sgn(a)2"=3 Xo(()a( vanishes; thus,

(5.23)     X[*1(...,*„]> limr^'sgnia)
/—o+

+     2 ßiKcn - Xlo(2)

1 = 3

ty
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By choice, 2"=3ß,X; - 1 is positive, but for other a 's, 2"=3/?,X(J((.) — X„(2) is negative.

Recalling the definition of d ± , we have

(5.24)

\[xx,...,x„] = liß,\,-l\d+ + l   2 sgn(a)( 2/3,Xo(,) - K(i)j U-

= ( îfiiK-l\id+-d-)>0.

We conclude with some computations.

Theorem 5.25. (i) For 1 <p < oo andp~x + q~] = 1, s3iLp) = s3iLq).

(ii) For 1 < p < oo, Sji^) = 3 sup $(/-, 5, /)(| r\p +\s\p + \t fy\ where

$ir,s,t) = (jrp'-'lil -|r||jp'-1)sgn(rs) + (| jt |^_1 | í | -\s \ \ t p-'Jsgni»

+ {\tf~l\r\ -\t\\r\p~v)sgn(rt).

Proof, (i) Since Lp is smooth, by (5.4) and the proof of Theorem 4.1, [/, g, h] =

f$if,g,h)dp. For k E L", let k*(a) =| k(u) p^'sgn k(u). Then k* E

L" ip - 1 = p/çr), ||fc*|| = 1 and it is easily checked that [/, g, h] = [/*, h*, g*] so

that s3iLp)^s3iL")<s3iLp).

(ii) Let X^ denote the supremum of 5>(r, s, /)(| /• ̂  + | s \p + \ t \p)~\ Then, as in

the proof of Theorem 4.1, s3iLp) < 3\p and the maximum is achieved since we may

assume it to occur on|r|p-r-|ip'-r-|/|/'=l. Provided ( X, p) has three disjoint sets

of positive mass, we can construct/, g, h for which [/, g, h] = 3Xp, as before.

We remark that it seems very hard to compute s3iLp). The only non trivial explicit

value we know is s3(£4) = (3/2)7/4 - 2.0331. The computation is very indirect,

following from representation of

r4 + s4 + /4 - 27/43"3/4(A(Ä - /) + s3(t -r) + t3(r - s))

as a sum of squares of quadratic forms.

Example 5.26. (i) j3(/,) = s3i¡x) - 6.

(h) i4(/0O)>6.

Proof, (i) For any E, s3(£) < 3j(£) < 6. On the other hand, take / = (/,0) and

points (1 — 2e, e, -e), (-£, 1 - 2e, e), (e, -e, 1 — 2e) for /, and (1, e - 1, 1 - e),

(1 — e, 1, e — 1), (e — 1,1 — e, 1) for lx, where e > 0 is small. The calculations

resemble (2.3).

(ii) Take / = (/,0) and x, G l£, where x, = {A, B, C, D), x2 = (£, A, D. C),

x3 = (C, D, A,B),x4 = iD,C,B,A), A = (1,1,1), £ = (a, 0, -a), C = (-a, a, 0),

D = (0, -a, a) and a = 1 — e.

Questions 5.27. Is s3iE) = s3(£*)? (There are well-known smooth £ with non-

smooth £* and vice versa.) What are snilx), s^l^) for n > 4? What is the behavior

of n i-» í„(£) for n s= 2? What is sup£i„(£)? For which spaces is it achieved?

We wish to thank the referee for several helpful suggestions.
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